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Abstract The third (PNOF3), fourth (PNOF4) and fifth
(PNOF5) versions of the Piris natural orbital functional
were used to characterize the beryllium dimer. The
results obtained were compared to those gained afforded
by CASSCF and CASPT2 as well as experimental data.
The equilibrium distances (Re), dissociation energies
(De), effective bond orders (EBOs), and rovibrational
levels were calculated. PNOF3, PNOF4, and CASPT2
predicted a bonded Be2 molecule, while PNOF5 and
CASSCF did not, which demonstrates the importance
of the dynamical electron correlation. We observed that
PNOF3 yields the most accurate equilibrium distances,
while PNOF4 most accurately calculates the rovibrational
levels. However, both of these functionals overestimate dis-
sociation energies. Both PNOF3 and PNOF4 predict EBOs
that agree with that obtained using CASPT2.
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Introduction

The Be dimer is, a priori, one of the simplest molecules
encountered in chemistry. It is composed of two beryllium

atoms with “only” eight electrons. From both theoretical and
experimental perspectives, it would therefore be easy to
assume that the characterization of this molecule (in terms
of its equilibrium distance and other properties) would be
relatively easy. However, this is not the case. The Be2
molecule has long been a challenge to experimentalists
and theoretical chemists.

In the late 1920s and early 1930s, the whole chem-
istry community believed that the beryllium dimer was
unstable. Based on early theoretical calculations and
experimental observations, it was thought that beryllium
gas remained monoatomic [1–6]. Much later, in the
1970s and 1980s, theoretical and experimental evidence
for bonding in Be2 was found [7–9]. Based on high-
level theoretical calculations [7, 8], a relatively short
equilibrium distance of around 2.5 Å was accepted,
even though some authors claimed that Be2 was char-
acterized by van der Waals bonding with an equilibrium
distance of around 5 Å. This fact was confirmed in
1984, when, for the first time, the Be2 molecule was
measured experimentally, and the first experimental
spectrum of Be2 was obtained [10–12]. The equilibrium
geometry was found to be 2.45 Å, with an approximate
dissociation energy (De) of 790±30 cm−1. This experi-
mental confirmation motivated a number of theoretical
and experimental investigations aimed at accurately de-
termining the dissociation energy. Recently, Merritt et.
al. [13] accurately measured the dissociation energy as
929.7±2.0 cm−1, confirming the theoretical prediction of
Patkowski et. al. [14], who calculated a De of 938±
15 cm−1 based on a high level of theory.

The recent experimental work by Merritt et. al. [13]
provided accurate experimental information on all of
the bound vibrational levels of the ground state of
Be2, along with the potential energy curve, which
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significantly differs from other curves of related closed-
shell metal atom dimers like Mg2, Ca2, Zn2 and Hg2.
In these cases, a typical Morse-like curve is obtained,
while the shape is quite different for Be2. For theoret-
icians, these results can be taken as benchmark data for
the development of novel theoretical methods. Indeed,
as the authors mentioned in the conclusions of their
paper [13], “Our experimentally determined potential energy
curve establishes a benchmark for tests of high-level theoret-
ical methods for treatment of configurational mixing and
electron correlation.” One of these novel methods is the nat-
ural orbital functional (NOF) theory.

The NOF theory [15–19] has emerged in recent years
as an alternative method to conventional ab initio
approaches and density functional theory (DFT) for
considering electronic correlation. A major advantage
of the NOF method is that the kinetic energy and the
exchange energy are explicitly defined using the one-
particle reduced density matrix (1-RDM) and do not
require the construction of a functional. The unknown
functional only needs to incorporate electron correlation.
Further details and valuable literature on NOF theory
can be found in [20, 21].

One route [22, 23] to the construction of an approx-
imate NOF involves the use of a reconstruction func-
tional based on the cumulant expansion [24–26] of the
two-particle reduced density matrix (2-RDM). We shall
use the reconstruction functional proposed in [27], in
which the two-particle cumulant is explicitly recon-
structed in terms of two matrices, Δ(n) and Π(n),
where n is the set of occupation numbers. The Δ(n)
and Π(n) matrices satisfy the well-known necessary N-
representability conditions [28] and sum rules for the 2-
RDM or, equivalently, the functional. Moreover, precise
constraints that the two-particle cumulant matrix must
fulfill in order to conserve the expectation values of the
total spin and its projection have been formulated and
implemented for the matrices Δ(n) and Π(n) [29].
Appropriate forms of the matrices Δ(n) and Π(n) lead
to different implementations of the NOF, known in the
literature as PNOFi (i01–5) [27, 30–33]. This work is
concerned with the last three implementations.

In PNOF3, we consider the opposite-spin components
of the two-electron cumulant, but the Hartree–Fock (HF)
approximation is used to account for most of the corre-
lation effects between electrons with parallel spins.
PNOF3 performs outstandingly well for atoms and mol-
ecules [31]. Moreover, this functional even accurately
describes the topology of challenging potential energy
surfaces [34]. Unfortunately, closer analysis of the dis-
sociation curves for various diatomics [32], as well as
the descriptions of diradicals and diradicaloids [35],
revealed that PNOF3 overestimates the amount of

electron correlation when orbital near-degeneracy effects
become important. We demonstrated that this inaccuracy
is related to the violation of the N-representability con-
ditions, particularly the G-positivity condition [32]. Ac-
cordingly, PNOF3 is a suitable NOF for systems where
static correlation effects are not important.

In order to rigorously comply with the N-represent-
ability conditions (the D-, Q-, and G-positivity condi-
tions) of the 2-RDM, we developed a more restricted
functional, PNOF4 [32]. Since the variational domain is
more constrained, the percentage of the correlation en-
ergy recovered is less in PNOF4 than in PNOF3. How-
ever, it has been shown that PNOF4 is qualitatively
better than its predecessor due to its capacity to accu-
rately describe molecules with electrons that occupy
orbitals which become increasingly degenerate [32, 35,
36]. Unfortunately, variational approaches under the nec-
essary D-, Q-, and G-positivity conditions can lead to incor-
rect dissociation limits, with fractional numbers of electrons
on the dissociated atoms [37, 38]. We have found fractional
numbers of electrons to occur in several homolytic molecular
dissociations when PNOF4 is used.

In order to remedy these problems, we simplified our
approximations for Δ(n) and Π(n) in the formulation of
PNOF5. We assumed a HF-like product for the 2-RDM
if q 6¼ p;ep, which means that all off-diagonal terms are
neglected except one, Δpep and Πpep, respectively. There
is no constraint that fixes the actual p and ep orbitals
that are paired during the orbital optimization process,
so the orbital pairing scheme varies during the optimi-
zation process until the most favorable orbital interac-
tions are found. Obviously, similar to PNOF4, PNOF5
recovers lower correlation energies than PNOF3. How-
ever, a performance assessment has shown that PNOF5
correctly describes the equilibrium regions and the dissocia-
tion limits of diatomic molecules, yielding integer numbers of
electrons on the dissociated atoms [33, 39]. This functional is
able to describe diradicals and diradicaloids as well [40]. The
oustanding agreement of the PNOF5 occupancies with those
obtained by the CASSCF method represents an improvement
over the PNOF4 results for these systems [35]. Consequently,
PNOF5 yields remarkably accurate descriptions of systems
with substantial (near-)degeneracy of one-particle states.

Methods

The aim of the work described in the present paper was to
test the performance of PNOF3, PNOF4, and PNOF5 in
describing the Be dimer. It is well known that this system
presents mostly dynamical correlation effects, so we
expected to achieve better descriptions using PNOF3
and PNOF4 than PNOF5. For comparison, CASSCF
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[41–43] and CASPT2 [44, 45] calculations were also
carried out, using an active space of four electrons in
eight orbitals (4,8). All of these methods were combined
with the cc-pVTZ basis set [46]. We calculated potential
energy curves, equilibrium distances (Re), dissociation
energies (De), effective bond orders (EBOs, calculated as half
of the difference between the occupation numbers of the
bonding and antibonding orbitals) at equilibrium, and rovibra-
tional levels, which were also compared to the experimental
data available in [13]. We hoped that this work would provide
us with fundamental new insights into the nature of electron
correlation in this challenging molecule, as well as the per-
formances of the different PNOFs.

Results and discussion

Figure 1 depicts the calculated HF, CASSCF, CASPT2,
PNOF3, PNOF4, and PNOF5 relative potential energy
curves for Be2. Note that, for each curve, infinite distance
corresponds to zero energy. Therefore, all of the curves were
calculated relative to their own dissociation limits. The
calculated Re, De, and EBO values are collected in Table 1.

Let us first focus on the shapes of the calculated curves.
Note that the HF method does not predict bonding in the Be2
molecule. The electronic structure of Be2 is 1σ2

g 1σ*
u

� �2
2σ2

g

2σ*
u

� �2
, so its EBO is 0. CASSCF is known to consider

mainly nondynamical electron correlation effects, and these
effects must be accounted for to correctly describe a Be
atom. However, considering only nondynamical electron
correlation is not sufficient to predict a minimum in the
Be2 potential energy curve, although CASSCF predicts an
EBO of 0.2 at 2.38 Å (the Re for CASPT2). The inclusion of
dynamical correlation (via CASPT2) clearly improves the
result. CASPT2 predicts an equilibrium distance of 2.38 Å

with a dissociation energy of 789 cm−1. The predicted
equilibrium geometry is too short, and dissociation energies
are somewhat low compared to the experimental data. This
can be attributed to the size of the basis set, which is critical
for CASSCF/CASPT2 calculations.

The PNOF5 functional is known to recover most of
the nondynamical correlation and part of the dynamical
correlation [33, 39]. Consequently, PNOF5 results occur
midway between the CASSCF and CASPT2 results. It
does predict a minimum that is shorter than CASPT2
one, at 2.23 Å, but this minimum is calculated to be
metastable; that is, the dissociation energy is negative
(−1187.8 cm−1). However, the barrier is sufficiently
large (1536.5 cm−1) to allow for stable vibrational lev-
els, as will be shown later. However, an unphysical
cusp appears at around 2.6 Å. This cusp appears be-
cause the attractive ground state (corresponding to two
interacting Be atoms) crosses a repulsive excited state
(corresponding to two noninteracting Be atoms), as
depicted in Fig. 2. The dissociative curve associated
with noninteracting atoms should always be less stable
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Fig. 1 Potential energy curves obtained with the HF, CASSCF,
CASPT2, PNOF3, PNOF4, and PNOF5 methods

Table 1 Re (Å), De (cm
−1), and EBO values calculated with the HF,

CASSCF, CASPT2, PNOF3, PNOF4, and PNOF5 methods

Re De EBO

HF – – 0

CASSCF – – 0.20

CASPT2 2.38 789.0 0.20

PNOF5 2.23 −1187.8 0.40

PNOF4 2.61 2114.0 0.16

PNOF3 2.46 2518.9 0.20

Experimental 2.45 929.7 –
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Fig. 2 Crossing of the ground-state (GS) and excited-state (ES) curves
for Be2 when PNOF5 is used
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than the attractive one. We think that the crossing
predicted by PNOF5 is a consequence of its inability
to account for some of the dynamical correlation. There-
fore, one should beware of using PNOF5 when dynam-
ical electron correlation effects are dominant, especially
in weakly interacting systems like Be2 or van der Waals
complexes.

The PNOF3 and PNOF4 functionals recover the dy-
namical correlation and so are able to predict a stable
Be2 molecule. PNOF3 predicts a Re value of 2.46 Å,
very close to the experimental value of 2.45 Å. How-
ever, it clearly overestimates the dissociation energy.
This is due to the fact that PNOF3 does not fullfil the
required G-positivity condition of the two-particle re-
duced density matrix (2-RDM) [32]. When this violation
is very small, PNOF3 is known to be very accurate [34,
47]. In the case of Be2, the maximum violation of the
G condition at equilibrium is −0.089, while the maxi-
mum violation at the dissociation limit is −0.019. The
consequence of this is that the calculated total energy is
accurately calculated at the dissociation limit but over-
estimated at equilibrium, so the calculated dissociation
energy is overestimated. On the other hand, the

calculated EBO is very similar to that calculated at the
CASSCF/CASPT2 level of theory.

PNOF4 does not predict the equilibrium distance as
accurately as PNOF3 does, but it does yield a more
accurate dissociation energy. Note that PNOF4 satisfies
the known necessary D-, Q-, and G-positivity (N-
representability) conditions of 2-RDM, and does not
overestimate total energies. However, the dissociation
energy is still overestimated, due to a poorer descrip-
tion of the Be atoms at the dissociation limit. The
calculated EBO is 0.16, somewhat smaller than that
calculated at the CASSCF/CASPT2 and PNOF3 levels
of theory.

In addition to equilibrium distances and dissociation
energies, the shape of the potential energy curve is also
very important, since it determines the rovibrational
levels of the system. From Fig. 1, it is clear that the
shapes of these curves differ significantly. In order to
compare them with experimental data, we calculated the
rovibrational levels from the CASPT2, PNOF3, PNOF4,
and PNOF5 curves, and the values obtained are given
in Table 2. The lowest five vibrational levels, along
with their coupled rotational constants (Bv), were

Table 2 Vibrational levels
(cm−1) and rotational constants
Bv (cm

−1) calculated using
CASPT2, PNOF3, PNOF4, and
PNOF5, as well as
corresponding experimental data
taken from [13]

CASPT2 PNOF3 PNOF4 PNOF5 Experimental

v Erel Bv Erel Bv Erel Bv Erel Bv Erel Bv

0 0.00 0.646 0.00 0.614 0.00 0.540 0.00 0.747 0.00 0.609

1 270.7 0.595 302.4 0.591 205.7 0.509 477.0 0.733 222.6 0.562

2 462.7 0.508 580.9 0.571 369.9 0.470 953.2 0.714 397.1 0.509

3 505.6 0.223 842.4 0.545 533.3 0.452 – – 518.1 0.424

4 532.5 0.253 1074.8 0.521 672.8 0.427 – – 594.8 0.355
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Fig. 3 Occupation numbers as a function of Be–Be distance. Left: CASSCF; right: PNOF3
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calculated. Comparing the data in Table 2, it is apparent that
PNOF4 provides the closely agreement with the experimental
data [13]. Notice that the PNOF4 curve is wide and highly
anharmonic, as is the experimental curve (see Fig. 3 of [13]).
The CASPT2 values are in quite good agreement with the
experimental data, but the obtained values show that the curve
is less anharmonic than for PNOF4 and the experimental
curve near the equilibrium region. The PNOF3 curve is nar-
rower and not very anharmonic, so the calculated levels are
more widely separated. The agreement with the experimental
results is worse than for PNOF4 and CASPT2. This can be
adscribed to overestimation of the energy in the minimum
region, which implies that the potential well is deeper and
therefore narrower. Finally, PNOF5 is able to predict three
stable vibrational levels. However, note that the curve is very
narrow, which implies that the vibrational levels are much
higher than in the experimental data.

Finally, in Fig. 3 the occupation numbers of PNOF3
and CASSCF are depicted as a function of the bond
distance. The PNOF3 orbitals obtained at the minimum,
along with their corresponding Lagrange multipliers and
occupation numbers, are given in Fig. 4. Observe that,
in the equilibrium region, there is charge transfer—
mainly from the antibonding 2 σ*

u (2s) orbital to the
bonding 3σg (2p) and 3πu (2p) orbitals. As a conse-
quence (as mentioned above), the EBO is around 0.2.
This small EBO is in agreement with the observed weak Be–
Be interaction. Note that, at the dissociation limit, the occu-
pancies belong to two equivalent Be atoms, which is the
correct behavior. From Fig. 3, it is clear that both the 2σg

(2s) and 2σ*
u (2s) orbitals converge to similarly occupied 2s

atomic orbitals. In the same way, the molecular 3σg (2p), 3σ*
u

(2p), 3πu (2p), and 3p*g (2p) orbitals dissociate to six equiv-
alent p orbitals (three per atom).

Conclusions

In summary, in this work, we have demonstrated the per-
formances of different PNOFs in the calculation of Be2. We
have shown the importance of including dynamical electron
correlation in calculations aimed at predicting a stable di-
mer. Methods that do not include dynamical electron corre-
lation, such as HF or CASSCF, predict dissociative curves,
while PNOF5—which includes part of the dynamical corre-
lation—predicts a metastable dimer. PNOF3 and PNOF4,
like CASPT2, predict a stable dimer. PNOF3 predicts a very
accurate equilibrium bond distance, 2.46 Å, which is only
0.01 Å larger than the experimental value. CASPT2 predicts
a distance that is too short, while that afforded by PNOF4 is
too large. Regarding dissociation energies, CASPT2 slightly
underestimates the energy compared to the experimental
value, while PNOF4 and—especially—PNOF3 overesti-
mate it. Finally, PNOF4 predicts rovibrational levels more
accurately than the other methods. The main drawback of
PNOF5 is the fact that it does not account for part of the
dynamical correlation. Including the remaining dynamical
correlation in PNOF5 would, in principle, improve its
performance.
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